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Abstract
We propose a physical interpretation of our novel fermionic solu-
tion for the IKKT matrix model which obtained in our previous paper
[1]. We extend the configuration space of bosonic field to supernum-
bers space and obtain the noncommutative parameter which is not
bi-grassmann but an ordinary number. This establishes the connec-
tion between Seiberg’s noncommutative superspace and our solution
of the IKKT matrix model.
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1 Introduction
For several years, the noncommutative space in string theory has been studied
actively [2, 3, 4, 5]. At first, only the noncommutative structure of bosonic co-
ordinates was studied. Recently, this concepts is extended to the superspace
[6]. Many attempts to study this new noncommutativity have been made.
For example, the solutions that represents noncommutative superspace were
introduced in the context of super-Lie matrix model [7, 8, 9, 10, 11, 12]. And
many attempts have been also made in the context of field theory, quantum
mechanics, string theory [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33]. In this paper, we would like to shed the lights on
this noncommutativity from the view point of the IKKT matrix model [34].
While one can investigate the IKKT matrix model by the expansion
around the commutative (diagonal) background [35], it is also interesting
to start with the following solution:
[Xa, Xb] = −iCab1N , θ
α = 0, (1)
where Cab is an antisymmetric constant. The result is noncommutative Yang-
Mills theory [4]. Xa’s which obey (1) serve as noncommutative coordinates.
In the string picture, this corresponds to the appearance of noncommutative
geometry in a constant B field background [3].
On the other hand, for the backgrounds of graviphoton fields, the end
points of open strings have the structure of Seiberg’s noncommutative su-
perspace [36]. Should the IKKT matrix model contains the whole string
theory, it must have the solution which corresponds to this noncommutativ-
ity. We have provided a candidate for this vacuum in our previous paper [1].
However, in this solution the noncommutative parameter is not an ordinary
number but bi-grassmann. In the string theory, this parameter is an ordinary
number which depends on α′ and graviphoton fieldstrength. Thus we need to
clarify the physical interpretation of this bi-grassmann structure, in order to
claim that this solution of the IKKT matrix model corresponds to the string
theory in the backgrounds of graviphoton field.
In this paper, we interpret this noncommutative parameter as vacuum
expectation value of this solution. In the process, we will deform the path of
the integral to a special path in the supernumber configuration space. Our
computation involves new techniques, which we will explain in detail.
This paper is organized as follows. In section 2, we review the concept
of supernumber which is necessary to define path integrals over our new
configuration space. In section 3, we introduce novel method to compute
path integrals. And we compute the commutation relation of coordinates of
superspace: xa, θα, θ¯α˙. In section 4, we discuss our method and provide the
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meaning of it.
2 Supernumbers
In this section, we introduce the concepts of supernumbers and integrals over
supernumbers [37].
Let ζ i, a = 1 · · ·M , be a set of generators for an algebra, which satisfy
the following anticommutation relation:
ζ iζj = −ζjζ i for all i, j. (2)
This algebra is called ‘Grassmann algebra’ and is denoted by ΛM . The ele-
ments 1, ζ i, ζ iζj, · · · form the basis of ΛM .
The elements of ΛM will be called supernumbers. Every supernumber
can be expressed in the form
z = zB + zS = zB +
M∑
m=1
1
m!
ci1···imζ
im · · · ζ i1. (3)
This zB is an ordinary number and is called body. zS is called soul. We
can divide supernumbers into two sectors: one whose basis consists of even
number of ζ i’s ‘zc’ and that of odd number of ζ
i’s ‘za’.
z = zc + za, (4)
zc = zB +
[M
2
]∑
m=1
1
(2m)!
ci1···i2mζ
i2m · · · ζ i1, (5)
za =
[M
2
]∑
m=1
1
(2m− 1)!
ci1···i2m−1ζ
i2m−1 · · · ζ i1. (6)
The supernumber z which is zc = 0 is called a-number and the supernumber
z which is za = 0 is called c-number. The set of c-numbers is denoted by ℜc
and the set of a-numbers is denoted by ℜa.
We can define a function over ΛM as follows,
f(z) ≡
M∑
m=0
1
m!
f (m)(zB)(zS)
m, (7)
where f (m)(zB) are m-th derivatives with respect to x of usual function f(x).
Also we can define the integrals of f(z) over ℜa and ℜc.
The integrals over ℜa are called Berezin’s integral. The functions of za
can be denoted as f(za) = a + bza, hence we define the integrals over ℜa as
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follows,
∫
dza = 0, (8)∫
dza za = 1, (9)∫
dza af(za) + bg(za) = a
∫
dza f(za) + b
∫
dza g(za), (10)
where a, b are constant supernumbers which do not depend on za.
The integrals over path C in ℜc are defined as follows. Consider a path
C as zS = zS(zB), which starts for a and ends at b. We define the integral
for C as follows,
∫ b
a
dzf(z) =
M∑
m=0
1
m!
∫ bB
aB
dzB(1 + z
′
S(zB))f
(m)(zB)z
m
S (zB). (11)
From this definition, the integral depends only on the starting point a and
the endpoint b.
When we study the IKKT matrix model, we consider ℜ as a configu-
ration space of bosonic fields which are components of Lie algebra Xa and
grassmann number as a configuration space of fermionic fields which are
components of Lie algebra θ, θ¯.
In the following, we propose to extend the configuration space of Xa from
ℜ to ℜc, and perform path integrals over ℜc. As above, the integrals do not
vary by a deformation of the path, hence we can expect that the theory does
not change.
3 Noncommutative superspace
In our previous paper [1], we obtain the following new solution of IKKT
matrix model:
∑
AB
θαAθβBfAB0 = C˜
αβ, (12)
θ¯α˙ 0 = θ¯α˙, (13)
XaA = −iθαA(σa)αβ˙ θ¯
β˙0, (14)
Others = 0. (15)
Here we use unknown characters which are defined as follows and the
spinor notations of [38].
Let us denote U(N) generators as T Aˆ and choose a integer n which is
large enough, but much smaller than N so that N/n >> 1.
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Aˆ = 0, 1, 2, · · · , N2 − 1,
A = 1, 2, . . . , 2n,
TA = Q1, P1, Q2, P2, . . . , Qn, Pn, (16)
where Qk’s and Pk’s are N/n×N/n matrices and they satisfy
[Qj , Pk] = iδjk. (17)
We also express the identity by T 0, that is,
T 0 = 1N . (18)
It follows that the only nontrivial structure constants fAˆBˆCˆ among the gen-
erators TA are
fAB0 =


0 i 0 0 0 0
−i 0 0 0 0 0
0 0 0 i 0 0
0 0 −i 0 0 0
0 0 0 0 ·
0 0 0 0 ·


. (19)
(12)-(14) are solutions of 4-dimensional IKKT matrix model,
S = Tr(
1
4
[Xa, Xb]2 −
1
2
θσa[θ¯, Xa]), (20)
which yields the following equations of motion,
[Xb, [Xa, Xb]]−
1
2
{θ, σaθ¯} = 0, (21)
[Xa, (θσ
a)α˙] = 0, (22)
[(σaθ¯)α, Xa] = 0. (23)
The special feature of this solution is that they obey the following algebra
of the Seiberg’s noncommutative algebra [6]
{θα, θβ} = C˜αβ , (24)
[Xa, θα] = iC˜αβσaβα˙θ¯
α˙, (25)
[Xa, Xb] = (θ¯)2C˜ab, (26)
{θ¯α˙, θ¯β˙} = {θ¯α˙, θβ} = [θ¯α˙, Xa] = 0, (27)
where
a, b = 1 . . . 4, α, α˙ = 1, 2,
C˜ab ≡ C˜αβ(−σabǫ)αβ, (28)
C˜αβ = (ǫσab)αβC˜ab. (29)
4
This algebra is the same as the Seiberg’s noncommutative algebra [6],
{θα, θβ} = Cαβ , (30)
[Xa, θα] = iCαβσaβα˙θ¯
α˙, (31)
[Xa, Xb] = (θ¯)2Cab, (32)
{θ¯α˙, θ¯β˙} = {θ¯α˙, θβ} = [θ¯α˙, Xa] = 0, (33)
where
a, b = 1 . . . 4, α, α˙ = 1, 2,
Cab ≡ Cαβ(−σabǫ)αβ, (34)
Cαβ = (ǫσab)αβCab. (35)
We might identify this solution with Seiberg’s noncommutative superspace
recognizing that C˜αβ corresponds to Cαβ. However, the noncommutative
parameter C˜αβ is bi-grassmann (12) while Cαβ is an ordinary number which
depends on α′ and graviphoton fieldstrength [36]. Thus physical interpreta-
tion of the solution would not be trivial.
In the following, we present a physical interpretation of this solution
by showing that Seiberg’s noncommutative algebra (30)-(33) can be rather
realized as vacuum expectation values of the algebra for this solution.
〈Tr({θα, θβ})〉 = Cαβ, (36)
〈Tr([Xa, θα])〉 = iCαβσaβα˙θ¯
α˙, (37)
〈Tr([Xa, Xb])〉 = (θ¯)2Cab, (38)
Others = 0. (39)
Here Cαβ, Cab are ordinary numbers which will be obtained below. Thus we
can exactly identify these parameter as Seiberg’s noncommutative parame-
ters.
Let us proceed to the actual computation in the path integral formulation.
What we need to compute are various vacuum expectation values,
〈O〉 =
∫
DXDθDθ¯ Oe−S. (40)
The measure of this integration is given by
DXaDθDθ¯ =
A˜=N2−1∏
A˜=1
dXa
A˜
d2θA˜d
2θ¯A˜. (41)
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We decompose the components of matrix Xa, θ, θ¯, as
Xa =
A˜=N2−1∑
A˜=1
T A˜Xa
A˜
, (42)
θ =
A˜=N2−1∑
A˜=1
T A˜θA˜, (43)
θ¯ =
A˜=N2−1∑
A˜=1
T A˜θ¯A˜. (44)
As above, the gauge group is SU(N).
Because this “vacuum” (12)-(14) is not the ordinary vacuum but Seiberg’s
noncommutative superspace vacuum, we need to perform the following “tree”
approximation.
Figure 1: Deformation of integral path
We deform the integral path of Xa from C to C ′ (Fig. 1). Because the
integrals do not depend on the path, we can perform the integration over the
path C ′. In other words, we change the variables from Xa to X˜a +−iθσaθ¯.
Because X˜a ∈ ℜ is an ordinary number, we can adopt the value at X˜a = 0
as a first order approximation to the integrals over X˜a. Thus we obtain
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〈O〉 =
∫
DXDθDθ¯ Oe−S
≈
∫
DθDθ¯ Oe−S
∣∣
Xa=−iθσaθ¯
. (45)
“tree”
We call this approximation as “tree”. We do not insist that we accept
this value as the first order approximation of the entire IKKT matrix model.
This approximation is effective only in the vicinity of this Seiberg’s noncom-
mutative superspace vacuum X˜a = 0. Even on this path C ′, there are other
vacua, for example, X˜a = usual noncommutative plane.
Action S[Xa = −iθσaθ¯](≡ S˜) is fourth order of θ, θ¯ and has zero modes
(12),(13). Strictly speaking, we are not handling the gauge group U(N) but
SU(N), hence θ¯ = θ¯01N is not contained in the model. However, because
we would like to treat this vacuum which is asymmetry between θ and θ¯, we
adopt the following technique.
We extend the gauge group SU(N) to U(N) only on θ¯.
DθDθ¯ → DθDθ¯d2θ¯0, (46)
θ¯ → θ¯ =
A˜=N2−1∑
A˜=0
T A˜θ¯A˜. (47)
This model contains the zero modes (12),(13) but does not contain the zero
modes which are obtained by exchanging θ ↔ θ¯. We define the expectation
value of this model as 〈O〉deformed.
Similarly to the case of the instanton backgrounds, when we treat a theory
which has fermionic zero modes, the expectation value of operators O is zero
if O does not contain all the zero modes [39],
〈1〉deformed =
∫
DθDθ¯d2θ¯0e
−S˜ = 0. (48)
Because we have fermionic zero modes (12) and (13) in this model, we must
compute expectation value of the operator which contains all the fermionic
zero modes θ¯20, θ
2
sol, in order to obtain non-zero expectation value,
〈θ¯20θ
2
sol〉deformed =
∫
DθDθ¯d2θ¯0θ¯
2
0θ
2
sole
−S˜ 6= 0. (49)
In particular, we can compute the following expectation value,
〈θ¯20Tr({θ
α, θβ})〉deformed =
∫
DθDθ¯d2θ¯0θ¯
2
0Tr({θ
α, θβ})e−S˜ = Cαβ. (50)
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The zero modes of θ are contained on the left hand side of the above equation
and make non-zero contribution to Tr({θα, θβ}), hence the expectation value
is non-zero. Here Cαβ is an ordinary number which depends on fAB, σ
a
αα˙’s
and the way for N, n→∞. Recalling the feature of Berezin integral,∫
dψψf = g
⇒ f = g, (51)
we obtain actually
〈θ¯20Tr({θ
α, θβ})〉deformed =
∫
DθDθ¯d2θ¯0θ¯
2
0Tr({θ
α, θβ})e−S˜
=
∫
d2θ¯0θ¯
2
0A = C
αβ , (52)
A =
∫
DθDθ¯T r({θα, θβ})e−S˜
= 〈Tr({θα, θβ})〉 = Cαβ. (53)
We can compute (53) in the SU(N) theory. Because Cαβ is an ordinary
number, we obtain noncommutative parameter which is not bi-grassmann
but an ordinary number.
In the same way,
〈Tr([Xa, Xb])〉deformed = 〈Tr([−iθσ
aθ¯,−iθσaθ¯])〉deformed
=
∫
d2θ¯0B = C
ab, (54)
B = 〈Tr([Xa, Xb])〉 = θ¯20C
ab. (55)
Here Cab ≡ Cαβ(−σabǫ)αβ , C
αβ = (ǫσab)αβCab which are consistent with
(34),(35). Similarly,
〈θ¯α˙0 Tr([X
a, θα])〉deformed = 〈θ¯
α˙
0 Tr([−iθσ
aθ¯, θα])〉deformed
=
∫
d2θ¯20θ¯
α˙
0 C =
−i
2
Cαβ(σaǫ) α˙β , (56)
C = 〈Tr([Xa, θα])〉 = iCαβσaβα˙θ¯
α˙, (57)
〈Tr({θ¯α˙, θ¯β˙})〉 = 〈θ¯20Tr({θ¯
α˙, θ¯β˙})〉deformed
= 0, (58)
Others = 0. (59)
Thus we obtain the full algebra (36)-(39).
In string theory, the noncommutative parameter Cαβ is a free parameter
which depends on the backgrounds of graviphoton fields. Thus we need to
adjust the way forN, n→∞ in SU(N) theory in order to obtain the arbitrary
parameter Cαβ.
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4 Discussions
In this paper we propose a physical interpretation of our novel fermionic
solution. Seiberg’s noncommutative superspace algebra is realized as vacuum
expectation values of the algebra for this solution. We obtain an ordinary
noncommutative parameter by path integral formulation.
We adopt a special method in this paper to perform the calculation. The
point is asymmetrical treatment of θ and θ¯. We think that this asymmetrical
procedure is necessary to extract the information from Seiberg’s noncommu-
tative superspace vacuum. In the finite N , the asymmetrical feature does
not show. In the true N →∞ limit, this asymmetrical feature emerges from
the measure. In the finite N , it seems that
〈1〉 6= 0, (60)
in contract to (48). But this contribution originates in other vacua. If we
would like to obtain the information of Seiberg’s noncommutative superspace
vacuum, we must take the N → ∞ limit as asymmetrical feature appears.
In this limit, the contributions from other vacua will disappear.
There is another subtlety. In the true N →∞ limit,
Tr(θ[Xa, σaθ¯]) 6= Tr([θ,X
a]σaθ¯). (61)
If we would like to obtain symmetric vacuum between θ¯ and θ, we probably
must rather treat the following action
S = STr(
1
4
[Xa, Xb]2 −
1
2
θσa[θ¯, Xa]), (62)
where STr means symmetric trace.
We focused on the IKKT model in this paper. However, the technique
that we adopted here, may be also applicable to other model which has
fermionic zero modes, especially in the case that there are nontrivial relations
between bosonic fields and fermionic fields. When bosonic field Φ(x) has
none-zero expectation value Φcl, we expand field around Φcl as Φ(x) = Φ˜(x)+
Φcl. And we treat new field Φ˜(x) as quantum field. However, in the case that
we have a fermionic zero mode ψ0, it is a mistake if we expand the fermionic
field around ψ0. Extending configuration space to supernumbers space may
be an effective method to wider problems.
Acknowledgments
We would like to dedicate this paper to the memory of GORO. And we would
like to thank T. Aoyama, N. Maru, T. Matsuo, T. Tada, and M. Tachibana
for fruitful discussions.
9
References
[1] Y. Shibusa and T. Tada, Phys. Lett. B 579, 211 (2004)
[arXiv:hep-th/0307236].
[2] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802, 003 (1998)
[arXiv:hep-th/9711162].
[3] N. Seiberg and E. Witten, JHEP 9909, 032 (1999)
[arXiv:hep-th/9908142].
[4] H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Nucl.
Phys. B 565, 176 (2000) [arXiv:hep-th/9908141].
[5] For a comprehensive review and further references, see M. R. Dou-
glas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001)
[arXiv:hep-th/0106048].
[6] N. Seiberg, JHEP 0306, 010 (2003) [arXiv:hep-th/0305248].
[7] M. Hatsuda, S. Iso and H. Umetsu, Nucl. Phys. B 671, 217 (2003)
[arXiv:hep-th/0306251].
[8] S. Iso and H. Umetsu, [arXiv:hep-th/0311005].
[9] S. Iso and H. Umetsu, [arXiv:hep-th/0312307].
[10] J. H. Park, JHEP 0309, 046 (2003) [arXiv:hep-th/0307060].
[11] S. Kurkcuoglu, JHEP 0403, 062 (2004) [arXiv:hep-th/0311031].
[12] E. Ivanov, L. Mezincescu and P. K. Townsend, [arXiv:hep-th/0311159].
[13] D. Klemm, S. Penati and L. Tamassia, Class. Quant. Grav. 20, 2905
(2003) [arXiv:hep-th/0104190].
[14] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574,
98 (2003) [arXiv:hep-th/0302078].
[15] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7, 53 (2003)
[arXiv:hep-th/0302109].
[16] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7, 405 (2004)
[arXiv:hep-th/0303063].
[17] H. Kawai, T. Kuroki and T. Morita, Nucl. Phys. B 664, 185 (2003)
[arXiv:hep-th/0303210].
10
[18] R. Britto, B. Feng and S. J. Rey, JHEP 0307, 067 (2003)
[arXiv:hep-th/0306215].
[19] S. Terashima and J. T. Yee, JHEP 0312, 053 (2003)
[arXiv:hep-th/0306237].
[20] S. Ferrara, M. A. Lledo and O. Macia, JHEP 0309, 068 (2003)
[arXiv:hep-th/0307039].
[21] R. Britto, B. Feng and S. J. Rey, JHEP 0308, 001 (2003)
[arXiv:hep-th/0307091].
[22] R. Britto and B. Feng, Phys. Rev. Lett. 91, 201601 (2003)
[arXiv:hep-th/0307165].
[23] O. Lunin and S. J. Rey, JHEP 0309, 045 (2003) [arXiv:hep-th/0307275].
[24] D. Berenstein and S. J. Rey, Phys. Rev. D 68, 121701 (2003)
[arXiv:hep-th/0308049].
[25] A. Sako and T. Suzuki, Phys. Lett. B 582, 127 (2004)
[arXiv:hep-th/0309076].
[26] B. Chandrasekhar and A. Kumar, JHEP 0403, 013 (2004)
[arXiv:hep-th/0310137].
[27] M. Hatsuda and W. Siegel, Nucl. Phys. B 681, 152 (2004)
[arXiv:hep-th/0311002].
[28] A. Imaanpur, JHEP 0312, 009 (2003) [arXiv:hep-th/0311137].
[29] R. Britto, B. Feng, O. Lunin and S. J. Rey, [arXiv:hep-th/0311275].
[30] H. Kawai, T. Kuroki and T. Morita, Nucl. Phys. B 683, 27 (2004)
[arXiv:hep-th/0312026].
[31] M. T. Grisaru, S. Penati and A. Romagnoni, [arXiv:hep-th/0401174].
[32] T. Inami and H. Nakajima, [arXiv:hep-th/0402137].
[33] T. Morita, [arXiv:hep-th/0403259].
[34] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B
498, 467 (1997) [arXiv:hep-th/9612115].
[35] H. Aoki, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Prog. Theor. Phys.
99, 713 (1998) [arXiv:hep-th/9802085].
11
[36] N. Berkovits and N. Seiberg, JHEP 0307, 010 (2003)
[arXiv:hep-th/0306226].
[37] B. DeWitt, “Supermanifolds,” Cambridge, UK: Univ. Pr. (1992). (Cam-
bridge monographs on mathematical physics). (2nd ed.)
[38] J. Wess and J. Bagger, “Supersymmetry And Supergravity,” Princeton
Univ. Pr. (1990).
[39] S. Weinberg, “The Quantum Theory Of Fields. Vol. 2: Modern Appli-
cations,” Chapter 23.7, Cambridge, UK: Univ. Pr. (1996).
12
